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Abstract
Using a theorem of Roquette–Ohm [P. Roquette, Isomorphisms of generic splitting fields of
simple algebras, J. Reine Angew. Math. 214–215 (1964) 207–226 and J. Ohm, On subfields of
rational function fields, Arch. Math. 42 (1984) 136–138], we indicate a short proof that a rational
extension of a Lu¨roth extension of a field k is a Lu¨roth extension of k. This assertion was proved by
Bavula [V. Bavula, Lu¨roth field extensions, J. Pure Appl. Algebra 199 (2005) 1–10] with the added
hypothesis that char(k) = 0.
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Throughout, k denotes an arbitrary field. All field extensions of k are assumed to be
subfields of an algebraically closed field Ω of infinite transcendence degree over k. For
any extension K/k, tr.deg(K/k) denotes the transcendence degree of K over k.
The (generalized) Lu¨roth theorem (see [1] for various references) gives the following
property of purely transcendental extensions.
Theorem 1. Let L be a purely transcendental extension of k. If K/k is a subfield extension
of L/k with tr.deg(K/k) = 1, then K = k(t); i.e. K/k is a simple transcendental
extension.
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In [1], Bavula calls an extension L/k a Lu¨roth extension if tr.deg(L/k) ≥ 1 and all
subextensions of L/k of transcendence degree 1 are simple transcendental extensions. The
main theorem of Section 1 of [1] is as follows.
Theorem 2 ([1, Theorem 1.4]). Let L/k be a Lu¨roth extension such that
(1) k has characteristic zero, and
(2) k is algebraically closed in L.
Then any purely transcendental extension L(x1, . . . , xn) of L is a Lu¨roth field extension
of k.
The condition of the above theorem that k is algebraically closed in L is redundant.
Proposition 3. If L/k is a Lu¨roth extension, then k is algebraically closed in L.
Proof. Let k′ be the algebraic closure of k in L . Since tr.deg(L/k) ≥ 1 we can pick t ∈ L
which is transcendental over k. Thus t is also transcendental over k′. Let M := k′(t). Note
that k′ coincides with the algebraic closure of k in M . Also M/k is a subextension of L/k
with tr.deg(M/k) = 1. Hence M is simple transcendental over k. In particular, k coincides
with its algebraic closure in M . Hence k′ = k. 
We will provide a short proof of Theorem 2 that relaxes the condition on the characteristic
of k; hence k can be any field. Our proof is a corollary of the following beautiful lemma
which is due to Roquette [3, p. 209, Lemma 1] for infinite fields, and to Ohm [2] for
arbitrary fields.
Lemma 4. Let L1 and L2 be two field extensions of k such that tr.deg(L1/k) ≤
tr.deg(L2/k) <∞. Let x1, . . . , xn be algebraically independent elements over L2. If there
is a k-embedding of L1 into L2(x1, . . . , xn), then there is a k-embedding of L1 into L2.
Theorem 5. Let k be an arbitrary field. If L is a Lu¨roth extension of k and F is a purely
transcendental extension of L, then F is a Lu¨roth extension of k.
Proof. Let M/k be a subextension of F/k such that tr.deg(M/k) = 1. Since F =
L(x1, . . . , xn) for some algebraically independent elements over L and tr.deg(M/k) =
1 ≤ tr.deg(L/k), Lemma 4 implies that there is a k-embedding σ : M ↪→ L . Let
N = σ(M). Then k ⊂ N ⊆ L and tr.deg(N/k) = tr.deg(M/k) = 1. Since L/k is a
Lu¨roth extension, N = k(u) for some u ∈ L . So M = k(v) where v = σ−1(u) ∈ F . 
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